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Abstract: In this paper, we provide an approach for the calculation of one-loop effective
actions, vacuum energies, and spectral counting functions and discuss the application of
this approach in some physical problems. Concretely, we construct the equations for these
three quantities; this allows us to achieve them by directly solving equations. In order to
construct the equations, we introduce shifted local one-loop effective actions, shifted local
vacuum energies, and local spectral counting functions. We solve the equations of one-loop
effective actions, vacuum energies, and spectral counting functions for free massive scalar
fields in Rn, scalar fields in three-dimensional hyperbolic space H3 (the Euclidean Anti-de
Sitter space AdS3), in H3/Z (the geometry of the Euclidean BTZ black hole), and in S
1,
and the Higgs model in a (1+ 1)-dimensional finite interval. Moreover, in the above cases,
we also calculate the spectra from the counting functions. Besides exact solutions, we give a
general discussion on approximate solutions and construct the general series expansion for
one-loop effective actions, vacuum energies, and spectral counting functions. In doing this,
we encounter divergences. In order to remove the divergences, renormalization procedures
are used. In this approach, these three physical quantities are regarded as spectral functions
in the spectral problem.
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1. Introduction
The main aim of this paper is to provide an approach for calculating one-loop effective
actions, vacuum energies, and spectral counting functions by constructing their equations.
The effective action plays an important role in quantum field theory [1], which contains
all the information of quantized fields. The vacuum energy comes from the quantum
fluctuation arising from the uncertainty principle, which can be observed in, e.g., the
Casimir effect, and has consequences for the behavior of the universe on cosmological
scales [2, 3, 4]. The spectral counting function describes the number of the eigenstates
whose eigenvalues are smaller than a given number, which is the core issue in the problem
formulated by Kac as ”Can one hear the shape of a drum?” [5].
The regularized one-loop effective action Ws, the regularized vacuum energy E0 (ǫ),
and the spectral counting function N (λ) are global functions, i.e., they are not functions
of space coordinates. In practice, the global functions are very difficult to calculate. An
effective method for calculating the global functions is to first calculate the corresponding
local functions and then to achieve the global ones from the local functions. The reason
why it is relatively easy to obtain the local function is that the local function has its own
equation and can be obtained by solving the equation. A typical example is the heat
kernel: the local heat kernel K (t;x, y) can be obtained by solving the heat equation, and
the global heat kernel K (t) can be obtained by taking trace of K (t;x, y).
Concretely, we first introduce the shifted local versions of these three global quantities:
corresponding to Ws, E0 (ǫ), and N (λ), we introduce the shifted local one-loop effective
action W (s; q;x, y), the shifted local vacuum energy E0 (ǫ; q;x, y), and the shifted local
spectral counting function N (λ; q;x, y), respectively. Then we construct the equations for
these local ones; the global ones, Ws, E0 (ǫ), and N (λ), can be obtained by taking trace of
the corresponding shifted local ones with q = 0. As a bridge, we construct the equation for
the local Hurwitz zeta function ζ (s; q;x, y) at first; ζ (s;x, y) = ζ (s; 0;x, y) is the known
local zeta function [6, 7, 8].
Some exact solutions of the shifted local one-loop effective action W (s; q;x, y), the
shifted local vacuum energyE0 (ǫ; q;x, y), and the local spectral counting functionN (λ;x, y)
are solved from their equations in this paper. Such as a free massive scalar field in Rn,
scalar fields in three-dimensional hyperbolic space H3 (the Euclidean Anti-de Sitter space
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AdS3) and in H3/Z (the geometry of the Euclidean BTZ black hole), a scalar field in S
1,
and the Higgs model in a (1 + 1)-dimensional finite interval with the Dirichlet boundary
condition. Based on the solved local results, we, then, by taking trace, achieve the global
ones, W , E0, and N (λ). In order to obtain finite results, renormalization procedures
are used for removing the divergences. Moreover, starting from a counting function, we
calculate the eigenvalue spectrum of the operator D using the approach given in Ref. [9].
Besides exact solutions, we give a general discussion on series solutions, which is a
starting point for seeking approximate solutions. In order to achieve an approximate solu-
tion, the first thing is to construct a proper series expansion. In this paper, we construct
the series expansions for shifted local one-loop effective action W (s; q;x, y), shifted local
vacuum energy E0 (ǫ; q;x, y), and local spectral counting function N (λ;x, y). Concretely,
we first construct the series expansion for the solution of general second-order differential
operators of Laplace type with local boundary conditions; such a case is often related to
the interaction case, such as gauge interactions, in physical problems. Then, we construct
the general form of the series expansions for W (s; q;x, y), E0 (ǫ; q;x, y), and N (λ;x, y). In
finding the series solutions, divergences are encountered and removed by renormalization
procedures.
From a mathematical viewpoint, for an operator D on a manifold M , the character
of D and the geometry of M are embodied in the spectrum {λn} determined by the
eigenequation
Dφn = λnφn. (1.1)
In principle, one can extract the information of D and M from the spectrum {λn}. In
modern researches, the study of spectrum is often not through studying the eigenequation,
but turns to the study of the corresponding heat-type equation,
∂tφ+Dφ = 0, (1.2)
the wave-type equation,
∂2t φ+Dφ = 0, (1.3)
the Schro¨dinger-type equation,
i∂tφ−Dφ = 0, (1.4)
and, in principle, other equations in more general forms, by introducing auxiliary variables
(in the above mentioned three cases, the auxiliary variable is the time t). For a given
spectrum {λn}, different equations define different spectral functions, e.g., the spectral
function for heat-type equations is the fundamental solution
K (t;x, y) =
∑
n
e−λntφn (x)φ∗n (y) (1.5)
(the heat kernel), for wave-type equations is the fundamental solution
ω (t;x, y) =
∑
n
e−i
√
λntφn (x)φ
∗
n (y) , (1.6)
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and for Schro¨dinger-type equations is the fundamental solution
h (t;x, y) =
∑
n
e−iλntφn (x)φ∗n (y) . (1.7)
For the spectrum {λn}, we can in principle define other spectral functions which also
embody the information of both D andM . Effective actions, vacuum energies, and spectral
counting functions are all defined by the spectrum {λn} and embody the information of
the operator D and the manifold M , so they can serve as spectral functions. That is to
say, the local functions N (λ; q;x, y), W (s; q;x, y), E0 (ǫ; q;x, y), and ζ (s; q;x, y) are all
spectral functions for a spectral problem. These spectral functions are physical meaningful
and allow us to investigate the geometry of a manifold through physical measures.
Many researches have been devoted to the study of the one-loop effective action [10,
11, 12, 13, 14]. The zeta function has many applications in spectrum problems [15]. Some
effective methods for calculating vacuum energies with the help of heat kernels have been
developed [16, 17, 18, 19, 20, 21, 22, 23, 24]. There are many studies on the heat kernel
[25, 26, 27, 28] and on its applications [29, 30, 31, 32]. For spectral counting functions, in
mathematics, the study sets off researches into spectral theory, with the idea of recovering
geometry of a manifold from the knowledge of the eigenvalues of a differential operator
[5, 33]. In physics, for example, one may seek to reconstruct the shape of the universe from
the eigenproblem [34]. There are also experimental studies on spectral counting functions
[35].
In section 2, we construct the equations. In sections 3, 4, and 5, we first solve one-loop
effective actions, vacuum energies, and spectral counting functions for free massive scalar
fields. Then we discuss the proper series expansion for these three quantities. In sections
6, 7, and 8, we solve the local and global one-loop effective actions, vacuum energies,
and counting functions for scalar fields in H3, H3/Z, and S
1, and the Higgs model in a
(1+1)-dimensional finite interval, respectively. A discussion of spectra in such cases is also
given in these sections based on the result of the counting functions. The conclusions are
summarized in section 9.
2. Hurwitz zeta functions, one-loop effective actions, vacuum energies,
spectral counting functions, and heat kernels
In this section, we construct the equations for one-loop effective actions, vacuum ener-
gies, and spectral counting functions. For this purpose, we introduce a shifted local reg-
ularized one-loop effective action W (s; q;x, y), a shifted local regularized vacuum energy
E0 (ǫ; q;x, y), and a shifted local spectral counting function N (λ; q;x, y), and generalize the
local heat kernel K (t;x, y) to a shifted local heat kernel K (t; q;x, y). The corresponding
unshifted global ones, Ws, E0 (ǫ), N (λ), and K (t), can be obtained from these local ones
by taking trace and setting q = 0.
To introduce these local functions, we start with the corresponding operators, the zeta
operator, the shifted counting operator, and the shifted heat kernel operator; the shifted
regularized one-loop effective action operator and the shifted regularized vacuum energy
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operator can be directly achieved from the zeta operator. The local functions are defined
as the matrix elements of these operators. The relations among these functions can be
immediately obtained from the definitions of the operators.
As a bridge, we first construct an equation for the local Hurwitz zeta function, ζ (s; q;x, y)
(The local zeta function also plays an important role in many problems [6, 7, 8]). Then,
based on the relations among W (s; q;x, y), E0 (ǫ; q;x, y), N (λ; q;x, y), and ζ (s; q;x, y), we
construct equations for the other three quantities.
Moreover, from the mathematical point of view, these local functions can be regarded
as spectral functions of a spectral problem.
2.1 Definitions
For an operator D with spectrum {λn}, the global heat kernel K (t) =
∑
n e
−λnt, the zeta
function ζ (s) =
∑
n λ
−s
n , and the spectral counting function N (λ) =
∑
n θ (λ− λn), where
θ (x) denotes the step function, etc., can be viewed as various spectral functions of the spec-
tral problem of D. To construct the equations, we need the corresponding local functions.
We start with the corresponding operators. For an operator D, the zeta operator is defined
as ζ = (D + q)−s. Then the global Hurwitz zeta function is ζ (s; q) = trζ =
∑
n (λn + q)
−s.
The one-loop effective action operator reads W = ln
√
D, and the one-loop effective ac-
tion is W = trW = 12 ln detD =
∑
n
ln
√
λn. From the zeta operator, we can define a
regularized one-loop effective action operator: Ws = −12 µ˜2sΓ (s) ζ, where µ˜ is a constant.
The global regularized one-loop effective action is Ws = trWs|q=0 = −12 µ˜2sΓ (s)
∑
n λ
−s
n .
From the zeta operator, we can also define a shifted regularized vacuum energy operator:
E0 =
1
2 µ˜
2ǫ (D + q)1/2−ǫ = 12 ζ|s=−1/2+ǫ. Its trace with q = 0 gives the regularized vacuum
energy: E0 (ǫ) = tr E0|q=0 = 12 µ˜2ǫ ζ (−1/2 + ǫ)|q=0; a renormalized vacuum energy E0 can
be directly obtained from E0 (ǫ).
The shifted counting operator is defined asN = θ (λ− (D + q)). The spectral counting
function reads N (λ) = tr N|q=0 =
∑
n θ (λ− λn). We also introduce a shifted heat kernel
operator, K = e−(D+q)t. The trace of K gives the shifted global heat kernel: K (t; q) =
trK =
∑
n e
−(λn+q)t.
The local functions are defined as the matrix elements of the operators. The local
Hurwitz zeta function is the matrix element of the zeta operator,
ζ (s; q;x, y) = 〈x |ζ| y〉 =
∑
n
(λn + q)
−s φn (x)φ∗n (y) . (2.1)
ζ (s;x, y) = ζ (s; 0;x, y) is just the known local zeta function [6, 7, 8]. The shifted local reg-
ularized one-loop effective action is the matrix element of the regularized one-loop effective
action operator,
W (s; q;x, y) = 〈x |Ws| y〉 = −1
2
µ˜2sΓ (s) ζ (s; q;x, y) . (2.2)
The shifted local vacuum energy is the matrix element of the shifted regularized vacuum
energy operator,
E0 (ǫ; q;x, y) =
1
2
〈x |E0| y〉 = µ˜
2ǫ
2
ζ
(
−1
2
+ ǫ; q;x, y
)
. (2.3)
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Note that E0 (x) = E0 (0; 0;x, x), the unshifted diagonal case of E0 (ǫ; q;x, y), is just the
vacuum energy density [8].
The matrix element of the shifted counting operator defines the shifted local spectral
counting function:
N (λ; q;x, y) = 〈x |N| y〉 =
∑
n
θ (λ− (λn + q))φn (x)φ∗n (y) ; (2.4)
the matrix element of the shifted heat kernel operator defines the shifted local heat kernel:
K (t; q;x, y) = 〈x |K| y〉 =
∑
n
e−(λn+q)tφn (x)φ∗n (y) . (2.5)
For the case of q = 0, N (λ;x, y) = N (λ; 0;x, y) defines the local spectral counting
function, and K (t;x, y) = K (t; 0;x, y) is the local heat kernel. We have K (t; q;x, y) =
e−qtK (t;x, y) and N (λ; q;x, y) = N (λ− q;x, y). The trace of an operator, taking the
spectral counting function as an example, can be taken as
N (λ) = tr N|q=0 =
∫
dnx
√
gN (λ;x, x) =
∑
n
θ (λ− λn) =
∑
λn<λ
1. (2.6)
2.2 Relations
Mathematically speaking, all the functions mentioned above are essentially various spectral
functions for a given operator D. The relations among them can be formally deduced from
their definitions. From eqs. (2.1), (2.4), and (2.5), we can achieve the relations among
ζ (s; q;x, y), N (λ; q;x, y), and K (t; q;x, y).
By the representation
D−s = s
∫ ∞
0
dλ
1
λs+1
θ (λ−D) , (2.7)
we achieve
ζ (s; q;x, y) = s
∫ ∞
0
dλ
1
λs+1
N (λ; q;x, y) , (2.8)
and by the representation
D−s =
1
Γ (s)
∫ ∞
0
dt ts−1e−tD, (2.9)
we achieve
ζ (s; q;x, y) =
1
Γ (s)
∫ ∞
0
dt ts−1K (t; q;x, y) . (2.10)
The corresponding inverse transformations can be obtained directly, e.g.,
N (λ; q;x, y) =
1
2πi
∫ −c+i∞
−c−i∞
ds
λs
s
ζ (s; q;x, y) . (2.11)
We then obtain the relation between N (λ; q;x, y) and K (t; q;x, y):
K (t; q;x, y) = t
∫ ∞
0
dλN (λ; q;x, y) e−λt, (2.12)
N (λ; q;x, y) =
1
2πi
∫ c+i∞
c−i∞
dt
eλt
t
K (t; q;x, y) . (2.13)
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The relations among N (λ), K (t), and ζ (s) can be immediately obtained from the
corresponding local relations:
ζ (s) = s
∫ ∞
0
dλ
N (λ)
λs+1
=
1
Γ (s)
∫ ∞
0
dt ts−1K (t) . (2.14)
An in-depth discussion of the global heat kernel and the spectral counting function has
been provided in Refs. [36, 37].
Moreover, the relations among ζ (s; q;x, y),W (s; q;x, y), E0 (ǫ; q;x, y), andN (λ; q;x, y)
can be obtained straightforwardly. For example, from eqs. (2.2) and (2.8), we have
W (s; q;x, y) = −1
2
µ˜2sΓ (s+ 1)
∫ ∞
0
dλ
N (λ; q;x, y)
λs+1
. (2.15)
2.3 Equations
The equation for Hurwitz zeta functions. The equation for ζ (s; q;x, y) can be constructed
as
(s− 1)
∫ q
dqζ (s; q;x, y) + (Dx + q) ζ (s; q;x, y) = 0, (2.16)
with the condition limt→0
[∫ c+i∞
c−i∞ dsΓ (s) t
−sζ (s; 0;x, y)
]
= i2πδ (x− y), where the order
of the integrate and the limit cannot be exchanged. This is a partial integro-differential
equation [38]. Such an equation can be translated into a partial differential equation by
taking derivative with respect to q:
Dx
∂
∂q
ζ (s; q;x, y) + q
∂
∂q
ζ (s; q;x, y) + sζ (s; q;x, y) = 0. (2.17)
The reason why we use the local Hurwitz zeta function ζ (s; q;x, y) which can be viewed
as a shifted local zeta function rather than the local zeta function ζ (s;x, y) is that though
for the aim of constructing an equation for the zeta function, only a local zeta function
ζ (s;x, y) is sufficient, the equation for ζ (s;x, y) is a recurrence differential equation,
Dxζ (s;x, y)− ζ (s− 1;x, y) = 0, (2.18)
which is difficult to deal with. If we adopt the local Hurwitz zeta function, then by the
relation ∂∂q ζ (s; q;x, y) = −sζ (s+ 1; q;x, y), we achieve eq. (2.16) instead of the recurrence
differential equation.
The equation for regularized one-loop effective actions. The equation for W (s; q;x, y)
can be obtained from eqs. (2.2) and (2.16):
(s− 1)
∫ q
dqW (s; q;x, y) + (Dx + q)W (s; q;x, y) = 0; (2.19)
with the condition limt→0
[∫ c+i∞
c−i∞ dsW (s; 0;x, y) /
(
µ˜2sts
)]
= −iπδ (x− y). Taking deriva-
tive with respect to q gives the corresponding partial differential equation:
Dx
∂
∂q
W (s; q;x, y) + q
∂
∂q
W (s; q;x, y) + sW (s; q;x, y) = 0. (2.20)
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By the way, if we start with an unshifted local regularized one-loop effective actionW (s;x, y) =
W (s; 0;x, y), we will obtain a recurrence differential equation:
DxW (s;x, y)− (s− 1) µ˜2W (s− 1;x, y) = 0. (2.21)
The equation for regularized vacuum energies. The equation for the shifted local vac-
uum energy can be obtained directly from eqs. (2.3) and (2.16):
3
2
∫ q
dqE0 (ǫ; q;x, y)− ǫ
∫ q
dqE0 (ǫ; q;x, y)− (Dx + q)E0 (ǫ; q;x, y) = 0, (2.22)
with the condition limt→0
[∫ c+i∞
c−i∞ dǫΓ (−1/2 + ǫ) t1/2−ǫµ˜−2ǫE0 (ǫ; 0;x, y)
]
= iπδ (x− y).
Taking derivative with respect to q gives the corresponding partial differential equation:
Dx
∂
∂q
E0 (ǫ; q;x, y) + q
∂
∂q
E0 (ǫ; q;x, y)− 1
2
E0 (ǫ; q;x, y) + ǫE0 (ǫ; q;x, y) = 0. (2.23)
The regularized vacuum energy can be achieved by taking trace with q = 0.
The equation for spectral counting functions. The equation for N (λ;x, y) can be ob-
tained from the equation of ζ (s; q;x, y) with q = 0 by using the relation (2.8):
∫ λ
dλN (λ;x, y) + (Dx − λ)N (λ;x, y) = 0 (2.24)
with the condition limt→0
[∫∞
0 dλN (λ;x, y) te
−λt] = δ (x− y). Eq. (2.24) is a partial
integro-differential equation. Taking derivative with respect to λ to both sides of eq. (2.24)
will give the corresponding partial differential equation:
Dx
∂
∂λ
N (λ;x, y)− λ ∂
∂λ
N (λ;x, y) = 0. (2.25)
Defining a local state density ρ (λ;x, y) ≡ ∂∂λN (λ;x, y), we achieve
Dxρ (λ;x, y) = λρ (λ;x, y) . (2.26)
The global state density ρ (λ) can be obtained by taking trace of ρ (λ;x, y).
3. Solutions of local and global one-loop effective actions: Renormaliza-
tion
3.1 The free-field solution
In this section, we first solve the shifted local regularized one-loop effective action for a
free massive scalar field in Rn from eq. (2.19). In this case, D0 = −∇2 +m2, where m is
the mass. The solution of eq. (2.19) reads
W0 (s; q;x, y) = − µ˜
2s
(4π)n/2
(
2
√
m2 + q
|x− y|
)n/2−s
K−n/2+s
(√
m2 + q |x− y|
)
, (3.1)
– 8 –
where Kn (z) is the modified Bessel function.
As a function of x and y, W0 (s; q;x, y) has a singular point at |x− y| = 0, or,
W0 (s; q;x, y) is analytic except for |x− y| = 0. However, when seeking a global one-loop
effective action, what we concern is just the point |x− y| = 0 since the global one-loop
effective action is obtained through taking trace of the local one. This means that when
achieving a global one-loop effective action from the corresponding local one-loop effective
action, we need a renormalization procedure to remove the divergence.
In order to extract the divergence led by |x− y| = 0, by use of the expansion of Kν (z)
around z = 0,
Kν (z) =
1
2
Γ (ν)
(
2
z
)ν ∞∑
p=0
(z/2)2p
(1− ν)p p!
+
1
2
Γ (−ν)
(z
2
)ν ∞∑
p=0
(z/2)2p
(ν + 1)p p!
, (3.2)
where (a)p = a (a+ 1) (a+ 2) · · · (a+ p− 1), we expand the local one-loop effective action
(3.1) around |x− y| = 0:
W0 (s; q;x, y) = − µ˜
2s
2 (4π)n/2

Γ(s− n
2
) ∞∑
p=0
(√
m2 + q
)2p+n−2s
(1 + n/2− s)p p!
( |x− y|
2
)2p
+Γ
(n
2
− s
) ∞∑
p=0
(√
m2 + q
)2p
(1− n/2 + s)p p!
( |x− y|
2
)2p−n+2s . (3.3)
The negative power terms in the expansion of W0 (s; q;x, y) will diverge when |x− y| = 0.
That is to say, by such a procedure, we have extracted the divergent part of W0 (s; q;x, y).
In order to achieve a finite result, we drop the negative power term of |x− y|. Then taking
trace gives
W0 (s; q) = TrW0 (s; q;x, y) = −V ol µ˜
2s
2 (4π)n/2
(
m2 + q
)n/2−s
Γ
(
s− n
2
)
. (3.4)
In even-dimensional space-times, s = 0 is a singular point, which is a simple pole of
W0 (s; q). In order to remove the divergence coming from s = 0, for 2ν-dimensional cases,
we Laurent expand W0 (s; 0) around s = 0.
W0 (s; 0)
= −V ol (−1)
ν
2 (4π)ν ν!
m2ν
{
1
s
+ ψ (ν + 1)− ln m
2
µ˜2
+
∞∑
p=2


p∑
β=0
β∑
α=0
(−1)α+β2 −1 (2β−α − 2)Bβ−απβ−αΓ (ν + 1)
α! (β − α)! (p− β)!
[
∂α
∂ξα
1
Γ (ξ)
]
ξ=ν+1
(
ln
µ˜2
m2
)p−β
 sp−1

 ,
(3.5)
where Bν is the Bernoulli number. The finite physical observable does not contain the
parameter s, which is embodied in W0 (s; 0) with s = 0, i.e., W0 (0; 0). Take s = 0. Then,
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a regularized unshifted 2ν-dimensional one-loop effective action without the regularization
parameter s is the remaining part of the expansion ofW0 (s; 0) after dropping the divergent
negative power term of s, 1
W0 = −V ol (−1)
ν
2 (4π)ν ν!
m2ν
[
ψ (ν + 1)− ln m
2
µ˜2
]
, (3.6)
where ψ (z) = Γ′ (z) /Γ (z). The 4-dimensional case (ν = 2) agrees with the result in Refs.
[1, 10].
In odd-dimensional space-times, s = 0 is not a singular point, so the one-loop effective
action given by eq. (3.4) does not need to drop divergent terms. The expansion ofW0 (s; 0)
reads
W0 (s; 0) = − V ol
2 (4π)ν+1/2
mn
∞∑
p=0

 p∑
β=0
Γ(β) (− (ν + 1/2))
β! (p− β)!
(
ln
µ˜2
m2
)p−β sp. (3.7)
For (2ν + 1)-dimensional cases, from eq. (3.4), taking s = 0, we arrive at
W0 = −V ol 1
2 (4π)ν+1/2
m2ν+1Γ (− (ν + 1/2)) . (3.8)
3.2 The series solution: the Laplace-type operator with local boundary condi-
tions
Exact solutions are rare, so in more general cases, such as interaction cases, we turn to find
perturbation solutions for W (s; q;x, y). When seeking a perturbation solution, the first
thing that we need to do is to find a proper series expansion for W (s; q;x, y). This is, in
principle, a difficult task. Fortunately, a thorough study on the expansion of heat kernels
has already been made [39, 40]. We can construct a proper series for one-loop effective
actions by starting from the series of heat kernels, based on the transformation relation
between one-loop effective actions and heat kernels.
In the section, we first consider a special case: the case of a second-order differential
operator of Laplace type with a local boundary condition. In next section, we discuss the
general form of the series expansion of a one-loop effective action.
In the case of a second-order differential operator of Laplace type with a local boundary
condition, the n-dimensional heat kernel corresponding to the operator D can be expanded
as [41]
K (t; q;x, y) = K0 (t; q;x, y)
∑
k=0, 1
2
,1,···
bk (x, y) t
k, (3.9)
where K0 (t; q;x, y) = (4πt)
−n/2 e−(x−y)
2/(4t)−(m2+q)t is the heat kernel for a n-dimensional
free massive scalar field and bk (x, y) is the heat kernel coefficient.
1In the published version (JHEP06(2010)070), we have used a misleading usage: we call, e.g., W (s; 0) or
Ws, etc., as regularized one-loop effective action, call W , the regularized one-loop effective action without
the regularized parameter s (the remaining part of Ws of taking s = 0 and dropping the divergent terms of
s) as renormalized one-loop effective action, but call the common renormalized quantities as finite physical
quantities.
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The shifted local regularized one-loop effective action can be achieved by performing
the transformation (2.10) to the heat kernel K (t; q;x, y) given by eq. (3.9):
W (s; q;x, y) = − µ˜
2s
(4π)n/2
∑
k=0, 1
2
,1,···
bk (x, y)
(
2
√
m2 + q
|x− y|
)n/2−k−s
×Kn/2−k−s
(√
m2 + q |x− y|
)
. (3.10)
W (s; q;x, y) is analytic except for |x− y| = 0.
In order to achieve the global regularized one-loop effective action, we need to take
trace of eq. (3.10) with q = 0. The divergence coming from the singular point |x− y| = 0
of the local one-loop effective action can be removed by the same procedure used in the
case of free fields. Using eq. (3.2), we achieve the local regularized one-loop effective action
W (s; q;x, y) = − µ˜
2s
2 (4π)n/2
∑
k=0, 1
2
,1,···
bk (x, y)

Γ(k − n
2
+ s
) ∞∑
p=0
(
m2 + q
)p−k+n/2−s
(|x− y| /2)2p
p! (1− k + n/2− s)p
+Γ
(
−k + n
2
− s
) ∞∑
p=0
(
m2 + q
)p
(|x− y| /2)2(p−n/2+k+s)
p! (1 + k − n/2 + s)p

 . (3.11)
In this result, the divergent part of the one-loop effective action has been extracted. Drop-
ping the negative power term of |x− y| and taking trace gives the global result:
W (s; q) = TrW (s; q;x, y)
= − µ˜
2s
2 (4π)n/2
∑
k=0, 1
2
,1,···
Bk
Γ (s− n/2 + k)
(m2 + q)k−n/2+s
, (3.12)
where Bk = trbk (x, y) =
∫
dnx
√
gbk (x, x).
To obtain a regularized unshifted one-loop effective action, we Laurent expandW (s; 0)
with respect to s around s = 0,
W (s; 0)
= − V ol
2 (4π)n/2


∑
k=0,1/2,1,···
n/2−k=0,1,2,···
Bk
(−1)n/2−k
(n/2− k)!m
n−2k
{
1
s
+ ψ
(n
2
− k + 1
)
− ln m
2
µ˜2
+
∞∑
p=2
p∑
β=0
β∑
α=0
(−1)α+β2 −1 (2β−α − 2)Bβ−απβ−αΓ (n/2− k + 1)
α! (β − α)! (p− β)!
[
∂α
∂ξα
1
Γ (ξ)
]
ξ=n/2−k+1
(
ln
µ˜2
m2
)p−β
sp−1


+
∞∑
k=0,1/2,1,···
n/2−k 6=0,1,2,···
Bkm
n−2k
∞∑
p=0

 p∑
β=0
Γ(β) (−n/2 + k)
β! (p− β)!
(
ln
µ˜2
m2
)p−β sp

 . (3.13)
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Take s = 0 and drop the divergent term:
W =
V ol
2 (4π)n/2


∑
k=0, 1
2
,1,···
n
2
−k=0,1,2,···
Bk
(−1)n/2−k
(n/2− k)!
1
m2k−n
[
−ψ
(n
2
− k + 1
)
+ ln
m2
µ˜2
]
−
∞∑
k=0, 1
2
,1,···
n
2
−k 6=0,1,2,···
BkΓ
(
k − n
2
) 1
m2k−n


. (3.14)
For manifolds without boundaries, the half-integer power terms vanish, i.e., Bm/2 = 0. The
result (3.14) with Bm/2 = 0 and n = 4 agrees with the result given by [1, 10].
3.3 The series solution: general cases
In this section, we give a discussion on the general form of series expansion for local
one-loop effective actions, W (s; q;x, y). In order to achieve a proper series for one-loop
effective actions, we start from the series of heat kernels, based on the transformation
relation between one-loop effective actions and heat kernels.
General form of the heat kernel expansion contains logarithmic terms, which can be
written as [40, 41]
K (t; q;x, y) = K0 (t; q;x, y)


N∑
k=0, 1
2
,1,···
bk (x, y) t
k +
∞∑
k=N+ 1
2
tk
[
b′k (x, y) ln t+ b
′′
k (x, y)
]

 ,
(3.15)
where bk (x, y), b
′
k (x, y) and b
′′
k (x, y) are heat kernel coefficients.
Starting from the expansion of heat kernels, we can achieve a series of the local regu-
larized one-loop effective action by performing the transformation (2.10):
W (s; q;x, y) = − µ˜
2s
(4π)n/2



 N∑
k=0, 1
2
,1,···
bk (x, y) +
∞∑
k=N+ 1
2
b′k (x, y) ln
|x− y|
2
√
m2 + q
+
∞∑
k=N+ 1
2
b′′k (x, y)


×
(
|x− y|
2
√
m2 + q
)k−n/2+s
Kk−n/2+s
(√
m2 + q |x− y|
)
−
∞∑
k=N+ 1
2
b′k (x, y)
(
|x− y|
2
√
m2 + q
)k−n/2+s
K
(1)
−(k−n/2+s)
(√
m2 + q |x− y|
)
 ,
(3.16)
where K
(1)
ν (z) =
∂
∂νKν (z). Based on this series expansion, one can in principle achieve a
perturbation solution of W (s; q;x, y).
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In order to achieve a series expansion for the global regularized one-loop effective action,
we take trace of eq. (3.16). The divergence coming from the singular point |x− y| = 0
of the local one-loop effective action can be removed by the same procedure used in the
case of free fields. The series of the shifted global regularized one-loop effective action then
reads
W (s; q) = trW (s; q;x, y)
= − µ˜
2s
2 (4π)n/2

 N∑
k=0, 1
2
,1,···
Bk +
∞∑
k=N+ 1
2
B′′k +
∞∑
k=N+ 1
2
B′kψ
(
s− n
2
+ k
) Γ (s− n/2 + k)
(m2 + q)k−n/2+s
,
(3.17)
where the relation
K(1)ν (z) =
π csc (νπ)
2
∞∑
p=0
{[
ψ (p− ν + 1)− π
tan (νπ)
− ln
(z
2
)] 1
Γ (p− ν + 1) p!
(z
2
)2p−ν
+
[
ψ (p+ ν + 1) +
π
tan (νπ)
− ln
(z
2
)] 1
Γ (p+ ν + 1) p!
(z
2
)2p+ν}
(3.18)
is used.
To obtain a regularized series expansion without the regularization parameter s, we
Laurent expand W (s; 0),
W (s; 0)
= − V ol
2 (4π)n/2




N∑
k=0,1/2,1,···
n/2−k=0,1,2,···
Bk +
∑
k=N+1/2
n/2−k=0,1,2,···
B′′k

 (−1)
n/2−k
(n/2− k)!m
n−2k
×
{
1
s
+ ψ
(n
2
− k + 1
)
− ln m
2
µ˜2
+
∞∑
p=2


p∑
β=0
β∑
α=0
(−1)(α+β)/2−1 (2β−α − 2)Bβ−απβ−αΓ (n/2− k + 1)
α! (β − α)!
×
[
∂α
∂ξα
1
Γ (ξ)
]
ξ=n/2−k+1
1
(p− β)!
(
ln
µ˜2
m2
)p−β}
sp−1
}
+


N∑
k=0,1/2,1,···
n/2−k 6=0,1,2,···
Bk +
∞∑
k=N+1/2
n/2−k 6=0,1,2,···
B′′k

mn−2k
∞∑
p=0

 p∑
β=0
Γ(β) (−n/2 + k)
β! (p− β)!
(
ln
µ˜2
m2
)p−β sp
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+
∑
k=N+1/2
n/2−k=0,1,2,···
B′km
n−2k (−1)n/2−k
(n/2− k)!
×
{
− 1
s2
− 1
s
ln
µ˜2
m2
+
[
1
2
ψ2
(n
2
− k + 1
)
− 1
2
ψ(1)
(n
2
− k + 1
)
− 1
2
(
ln
µ˜2
m2
)2
+
π2
6
]
+
∞∑
p=3


p∑
β=0
(β − 1)
(p− β)!
β∑
α=0
(−1)(α+β)/2−1 (2β−α − 2)Bβ−απβ−αΓ (n/2− k + 1)
α! (β − α)!
×
[
∂α
∂ξα
1
Γ (ξ)
]
ξ=n/2−k+1
(
ln
µ˜2
m2
)p−β}
sp−2
}
+
∞∑
k=N+1/2
n/2−k 6=0,1,2,···
B′km
n−2k
∞∑
p=0

 p∑
β=0
Γ(β+1) (−n/2 + k)
β! (p− β)!
(
ln
µ˜2
m2
)p−β sp

 . (3.19)
and then take s = 0 and drop the divergent terms,
W = − 1
2 (4π)n/2




N∑
k=0, 1
2
,1,···
n
2
−k 6=0,1,2,···
Bk +
∞∑
k=N+ 1
2
n
2
−k 6=0,1,2,···
[
B′′k +B
′
kψ
(
k − n
2
)]


Γ
(
k − n
2
)
mn−2k
+


N∑
k=0, 1
2
,1,···
n
2
−k=0,1,2,···
Bk +
∑
k=N+ 1
2
n
2
−k=0,1,2,···
B′′k

 (−1)
−n/2+k
(n/2− k)! m
n−2k
[
ψ
(
1− k + n
2
)
− ln m
2
µ˜2
]
+
∑
k=N+ 1
2
n
2
−k=0,1,2,···
B′k
(−1)−n/2+k
(n/2− k)! m
n−2k
[
1
2
ψ2
(
1− k + n
2
)
− 1
2
ψ′
(
1− k + n
2
)
+
π2
6
− 1
2
(
ln
m2
µ˜2
)2]


,
(3.20)
where ψ′ (z) = ddzψ (z).
4. Solutions of local and global vacuum energies: Renormalization
4.1 The free-field solution
For a free massive scalar field in Rn, D0 = −∇2 +m2. The shifted local vacuum energy
can be solved from eq. (2.23):
E0 (ǫ; q;x, y) =
µ˜2ǫ
(4π)n/2 Γ (−1/2 + ǫ)
(
2
√
m2 + q
|x− y|
)(n+1)/2−ǫ
K−(n+1)/2+ǫ
(√
m2 + q |x− y|
)
.
(4.1)
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The shifted local vacuum energy E0 (ǫ; q;x, y) has a singular point at |x− y| = 0,
corresponding to the divergence in the global vacuum energy which is the trace of the local
one. In order to extract the divergence, we expand E0 (ǫ; q;x, y) around the singularity
|x− y| = 0,
E0 (ǫ; q;x, y) =
µ˜2ǫ
2 (4π)n/2 Γ (−1/2 + ǫ)
π
sin ((− (n+ 1) /2 + ǫ) π)
×
∞∑
p=0
1
p!
[(
m2 + q
)(n+1)/2+p−ǫ
(|x− y| /2)2p
Γ (1 + (n+ 1) /2− ǫ+ p) −
(
m2 + q
)p
(|x− y| /2)2p−n−1+2ǫ
Γ (1− (n+ 1) /2 + ǫ+ p)
]
.
(4.2)
Taking trace and dropping the divergent negative power term gives
E0 (ǫ; q) = V ol
µ˜2ǫ
2 (4π)n/2
Γ (− (n+ 1) /2 + ǫ)
Γ (−1/2 + ǫ)
(
m2 + q
)(n+1)/2−ǫ
. (4.3)
In odd-dimensional space-times, ǫ = 0 is a singular point of E0 (ǫ; q). To remove the
divergence, we Laurent expand E0 (ǫ; 0) with respect to ǫ around ǫ = 0,
E0 (ǫ)
= −V ol m
2ν
2 (4π)ν
(−1)ν
ν!
{
1
ǫ
+
[
ln
4µ˜2
m2
+ ψ (ν + 1) + γE − 2
]
+
ǫ
12
[
12
(
ln
4µ˜2
m2
+ γE − 2
)
ψ (ν + 1) + 6
(
ln
4µ˜2
m2
+ γE − 2
)2
+ 6ψ2 (ν + 1)− 6ψ(1) (ν + 1)− π2 − 24
]
+
ǫ2
12
{
6
(
ln
4µ˜2
m2
+ γE − 2
)
ψ2 (ν + 1) + ψ (ν + 1)
[
6 ln
4µ˜2
m2
(
ln
4µ˜2
m2
+ 2γE − 4
)
−6ψ(1) (ν + 1) + 6γE (γE − 4)− π2
]
− 6
(
ln
4µ˜2
m2
+ γE − 2
)
ψ(1) (ν + 1)
+ ln
4µ˜2
m2
[
2 ln
4µ˜2
m2
(
ln
4µ˜2
m2
+ 3γE − 6
)
+ 6γE (γE − 4)− π2
]
+2ψ3 (ν + 1) + 2ψ2 (ν + 1) + 28ζ (3) + 2π2 + γE
[
2 (γE − 6) γE − π2
]}
+ · · ·} . (4.4)
A regularized unshifted (2ν − 1)-dimensional vacuum energy without the regularization
parameter s can be obtained by taking ǫ = 0 and dropping the divergent negative power
term of ǫ:
E0 = V ol
(−1)ν
2 (4π)ν ν!
m2ν
[
2− γE − ψ (ν + 1) + ln m
2
4µ˜2
]
, (4.5)
where γE is the Euler constant.
In even-dimensional space-times, ǫ = 0 is not a singular point, so the 2ν-dimensional
vacuum energy can be achieved directly by setting ǫ = 0 in eq. (4.3) without dropping
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divergent terms. The expansion of E0 (ǫ) is
E0 (ǫ) = −V ol m
2ν+1
2 (4π)ν+1/2
Γ (−1/2) Γ (− (ν + 1/2) + ǫ)
Γ (−1/2 + ǫ)
(
µ˜2
m2
)ǫ
= −V ol m
2ν+1
2 (4π)ν+1/2
Γ (− (ν + 1/2))
{
1 + ǫ
[
ln
4µ˜2
m2
+H−(ν+3/2) − 2
]
+
ǫ2
4
[
2ψ (− (ν + 1/2))
(
2 ln
4µ˜2
m2
+H−(ν+3/2) + γE − 4
)
+ 2 ln
4µ˜2
m2
(
ln
4µ˜2
m2
+ 2γE − 4
)
+ 2ψ(1) (− (ν + 1/2)) + 2γE (γE − 4)− π2
]
+ · · ·
}
. (4.6)
Taking ǫ = 0 gives
E0 = −V ol 1
2 (2
√
π)
2ν+1Γ (− (ν + 1/2))m2ν+1. (4.7)
4.2 The series solution: the Laplace-type operator with local boundary condi-
tions
To find a perturbation solution for the vacuum energy, we need to first construct a proper
series for E0 (ǫ; q;x, y). In this section, we first consider the case of a second-order differ-
ential operator of Laplace type D with a local boundary condition.
The series expansion of a n-dimensional vacuum energy can be obtained by performing
the transformation (2.10) to eq. (3.9):
E0 (ǫ; q;x, y) =
µ˜2ǫ
(4π)n/2 Γ (−1/2 + ǫ)
×
∑
k=0, 1
2
,1,···
bk (x, y)
(
|x− y|
2
√
m2 + q
)k−(n+1)/2+ǫ
K−(n+1)/2+k+ǫ
(√
m2 + q |x− y|
)
. (4.8)
Taking trace and dropping the divergent negative power term gives
E0 (ǫ; q) =
µ˜2ǫ
2 (4π)n/2 Γ (−1/2 + ǫ)
∑
k=0, 1
2
,1,···
BkΓ
(
−n+ 1
2
+ k + ǫ
)(
m2 + q
)(n+1)/2−k−ǫ
.
(4.9)
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To achieve an unshifted regularized vacuum energy, we Laurent expand E0 (ǫ; 0),
E0 (ǫ) = − V ol
2 (4π)(n+1)/2


1
ǫ
∑
k=0, 1
2
,1,···
(n+1)/2−k=0,1,2,···
Bkm
(n+1)−2k (−1)(n+1)/2−k
((n+ 1) /2 − k)!
+


∑
k=0, 1
2
,1,···
(n+1)/2−k=0,1,2,···
Bkm
(n+1)−2k (−1)(n+1)/2−k
((n+ 1) /2− k)!
[
ln
4µ˜2
m2
+ ψ
(
n+ 3
2
− k
)
+ γE − 2
]
+
∞∑
k=0, 1
2
,1,···
(n+1)/2−k 6=0,1,2,···
Bkm
(n+1)−2kΓ
(
−n+ 1
2
+ k
)


+ ǫ


1
12
∑
k=0, 1
2
,1,···
(n+1)/2−k=0,1,2,···
Bkm
(n+1)−2k (−1)(n+1)/2−k
((n+ 1) /2− k)!
[
12
(
ln
4µ˜2
m2
+ γE − 2
)
ψ
(
n+ 3
2
− k
)
+6
(
ln
4µ˜2
m2
+ γE − 2
)2
+ 6ψ2
(
n+ 3
2
− k
)
− 6ψ(1)
(
n+ 3
2
− k
)
− π2 − 24
]
+
∞∑
k=0, 1
2
,1,···
(n+1)/2−k 6=0,1,2,···
Bkm
(n+1)−2kΓ
(
−n+ 1
2
+ k
)[
ln
4µ˜2
m2
+H−(n+3)/2+k − 2
]


+ · · ·


.
(4.10)
Taking ǫ = 0 and dropping the divergent negative power term gives
E0 =
1
2 (4π)(n+1)/2


∑
k=0, 1
2
,1,···
n+1
2
−k=0,1,2,···
Bk
(−1)(n+1)/2−kmn+1−2k
[(n+ 1) /2− k]!
[
2− γE − ψ
(
n+ 3
2
− k
)
+ ln
m2
4µ˜2
]
−
∞∑
k=0, 1
2
,1,···
n+1
2
−k 6=0,1,2,···
BkΓ
(
k − n+ 1
2
)
mn+1−2k


. (4.11)
4.3 The series solution: general cases
To construct the general expansion for vacuum energies, we start from the general form of
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the expansion of heat kernels, eq. (3.15). By eqs. (2.3) and (2.10), we arrive at
E0 (ǫ; q;x, y)
=
µ˜2ǫ
(4π)n/2 Γ (−1/2 + ǫ)



 N∑
k=0, 1
2
,1,···
bk (x, y) +
∞∑
k=N+ 1
2
b′k (x, y) ln
|x− y|
2
√
m2 + q
+
∞∑
k=N+ 1
2
b′′k (x, y)


×
(
|x− y|
2
√
m2 + q
)k−(n+1)/2+ǫ
Kk−(n+1)/2+ǫ
(√
m2 + q |x− y|
)
−
∞∑
k=N+ 1
2
b′k (x, y)
(
|x− y|
2
√
m2 + q
)k−(n+1)/2+ǫ
K
(1)
−k+(n+1)/2−ǫ
(√
m2 + q |x− y|
)
 . (4.12)
Taking trace and dropping the divergent term gives the shifted global vacuum energy:
E0 (ǫ; q) = TrE0 (ǫ; q;x, y)
=
µ˜2ε
2 (4π)n/2 Γ (−1/2 + ǫ)
×

 N∑
k=0, 1
2
,1,···
Bk +
∞∑
k=N+ 1
2
B′′k +
∞∑
k=N+ 1
2
B′kψ
(
k − n+ 1
2
+ ǫ
) Γ (k − (n+ 1) /2 + ǫ)
(m2 + q)k−(n+1)/2+ǫ
.
(4.13)
In order to extract the divergence corresponding to ǫ = 0, we Laurent expand E0 (ǫ; 0),
E0 (ǫ)
= −V ol 1
2 (4π)(n+1)/2

−
1
ǫ2
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′km
(n+1)−2k (−1)−(n+1)/2+k
((n+ 1) /2− k)!
+
1
ǫ




N∑
k=0,1/2,1,···
(n+1)/2−k=0,1,2,···
Bk +
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′′k

m(n+1)−2k (−1)
(n+1)/2−k
((n+ 1) /2 − k)!
−
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′km
(n+1)−2k (−1)−(n+1)/2+k
((n+ 1) /2− k)!
(
ln
4µ˜2
m2
+ γE − 2
)

+




N∑
k=0,1/2,1,···
(n+1)/2−k=0,1,2,···
Bk +
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′′k


×m(n+1)−2k (−1)
(n+1)/2−k
((n+ 1) /2− k)!
[
ln
4µ˜2
m2
+ ψ
(
n+ 3
2
− k
)
+ γE − 2
]
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+

N∑
k=0,1/2,1,···
(n+1)/2−k 6=0,1,2,···
Bk +
∞∑
k=N+1/2
(n+1)/2−k 6=0,1,2,···
B′′k

m(n+1)−2kΓ
(
−n+ 1
2
+ k
)
− 1
2
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′km
(n+1)−2k (−1)−(n+1)/2+k
((n+ 1) /2− k)!
×
[
4 ln
2µ˜
m
(
ln
2µ˜
m
+ γE − 2
)
− ψ2
(
n+ 3
2
− k
)
+ ψ(1)
(
n+ 3
2
− k
)
− 5π
2
6
+ (γE − 4) γE
]
+
∞∑
k=N+1/2
(n+1)/2−k 6=0,1,2,···
B′km
(n+1)−2kΓ
(
−n+ 1
2
+ k
)
ψ
(
−n+ 1
2
+ k
)

+ ǫ




N∑
k=0,1/2,1,···
(n+1)/2−k=0,1,2,···
Bk +
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′′k

m(n+1)−2k (−1)
(n+1)/2−k
((n+ 1) /2− k)!
×
{[(
ln
4µ˜2
m2
+ γE − 2
)
ψ
(
n+ 3
2
− k
)
+
1
2
(
ln
4µ˜2
m2
+ γE − 2
)2
+
1
2
ψ2
(
n+ 3
2
− k
)
− 1
2
ψ(1)
(
n+ 3
2
− k
)
− π
2
12
− 2
]}
+


N∑
k=0,1/2,1,···
(n+1)/2−k 6=0,1,2,···
Bk +
∞∑
k=N+1/2
(n+1)/2−k 6=0,1,2,···
B′′k

m(n+1)−2kΓ
(
−n+ 1
2
+ k
)
×
[
ln
4µ˜2
m2
+H−(n+3)/2+k − 2
]
− 1
12
∑
k=N+1/2
(n+1)/2−k=0,1,2,···
B′km
(n+1)−2k (−1)−(n+1)/2+k
((n+ 1) /2− k)!
×
{
−6
(
ln
4µ˜2
m2
+ γE − 2
)
ψ2
(
n+ 3
2
− k
)
+ 6
(
ln
4µ˜2
m2
+ γE − 2
)
ψ(1)
(
n+ 3
2
− k
)
+ ln
4µ˜2
m2
[
2 ln
4µ˜2
m2
(
ln
4µ˜2
m2
+ 3γE − 6
)
+ 6γE (γE − 4)− 5π2
]
+28ζ (3)− 4ψ3
(
n+ 3
2
− k
)
− 4
[
π2 − 3ψ(1)
(
n+ 3
2
− k
)]
ψ
(
n+ 3
2
− k
)
− 4ψ(2)
(
n+ 3
2
− k
)}
+ 10π2 + γE
[
2 (γE − 6) γE − 5π2
]
+
∞∑
k=N+1/2
(n+1)/2−k 6=0,1,2,···
B′km
(n+1)−2kΓ
(
−n+ 1
2
+ k
)
×
[
ψ
(
−n+ 1
2
+ k
)(
ln
4µ˜2
m2
+ γE − 2 + ψ
(
−n+ 1
2
+ k
))
+ ψ(1)
(
−n+ 1
2
+ k
)]}
+ · · ·
}
.
(4.14)
– 19 –
Taking ǫ = 0 and dropping the divergent term gives the series expansion of the unshifted
regularized vacuum energy without the regularization parameter ǫ,
E0 = − 1
2 (4π)(n+1)/2




N∑
k=0, 1
2
,1,···
n+1
2
−k 6=0,1,2,···
Bk +
∞∑
k=N+ 1
2
n+1
2
−k 6=0,1,2,···
[
B′′k +B
′
kψ
(
k − n+ 1
2
)]


× Γ (k − (n+ 1) /2)
m2k−n−1
+


N∑
k=0, 1
2
,1,···
n+1
2
−k=0,1,2,···
Bk +
∑
k=N+ 1
2
n+1
2
−k=0,1,2,···
B′′k


(−1)−(n+1)/2+k
((n+ 1) /2− k)!m
n+1−2k
×
[
H(n+1)/2−k − 2− ln
m2
4µ˜2
]
+
∞∑
k=N+ 1
2
n+1
2
−k=0,1,2,···
B′k
(−1)−(n+1)/2+k
((n+ 1) /2− k)!m
n+1−2k
×
[
1
2
ψ2
(
n+ 3
2
− k
)
− 1
2
(
ln
m2
4µ˜2
− γE + 2
)2
− 1
2
ψ(1)
(
n+ 3
2
− k
)
+
5π2
12
+ 2
]}
.
(4.15)
5. Solutions of local and global spectral counting functions: Renormaliza-
tion
5.1 The free-field solution
We now solve the spectral counting function from eq. (2.24) for a free massive scalar field
in Rn; in this case, D0 = −∇2 +m2.
The solution of eq. (2.24) for D0 reads
N0 (λ;x, y) =
(√
λ−m2
2π |x− y|
)n/2
Jn/2
(
|x− y|
√
λ−m2
)
, (5.1)
where Jk (z) is the Bessel function of the first kind.
The spectral counting function can be obtained by taking trace of N0 (λ;x, y):
N0 (λ) = V ol
(
λ−m2)n/2
(4π)n/2 Γ (1 + n/2)
. (5.2)
The case of m = 0 and n = 2 recovers Weyl’s famous result [5].
5.2 The series solution: the Laplace-type operator with local boundary condi-
tions
In order to seek an approximation solution for the counting function, we need to construct
a proper series for N (λ;x, y). When the problem is the Laplace-type operator with local
boundary conditions, we can start from the expansion of the heat kernel, eq. (3.9).
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At the first sight, it seems that one can achieve the expansion of N (λ;x, y) by per-
forming the integral transformation (2.13) to eq. (3.9) with q = 0 directly. However, the
series (3.9) is not uniformly convergent, so the integral transformation cannot be applied
term by term, i.e., the order of integral and summation cannot be exchanged. As a re-
sult, when performing the integral transformation term by term, some of the terms will
diverge. Concretely, when applying the transformation (2.13) to each term of eq. (3.9),
one encounters the integral
1
2πi
∫ c+i∞
c−i∞
eλt
t
(4πt)−n/2 e−(x−y)
2/(4t)−m2ttkdt; (5.3)
when k ≥ n/2 + 1, the integral diverges. To make sense of these divergent integrals, we
need a renormalization procedure for removing the divergence.
When k < n/2 + 1, the integral which equals the Bessel function Jn/2−k (z) is conver-
gent. Analytically continuing the integral (5.3) to Jν (z), where ν can take on any complex
value, we achieve a finite result,
N (λ;x, y) =
∞∑
k=0, 1
2
,1,···
bk (x, y)
2k (2π)n/2
(√
λ−m2
|x− y|
)n/2−k
Jn/2−k
(√
λ−m2 |x− y|
)
+
∞∑
k=n
2
+1,n
2
+2,···
bk (x, y)
(4π)n/2
k−(n/2+1)∑
p=0
(−1)p
22pp!
|x− y|2p δ(k−(n/2+1)−p) (λ−m2) ,
(5.4)
where δ(m) (z) = ∂
m
∂zm δ (z). In this expansion, the terms with k < n/2 + 1 are convergent
and need not to be renormalized, and the terms with k ≥ n/2 + 1 are the renormalized
terms.
The spectral counting function N (λ) is the trace of N (λ;x, y):
N (λ) =
∞∑
k=0, 1
2
,1,···
Bk
(
λ−m2)n/2−k
(4π)n/2 Γ (n/2− k + 1)
+
∞∑
k=n
2
+1,n
2
+2,···
Bk
1
(4π)n/2
δ(k−(n/2+1))
(
λ−m2)
=

 n/2∑
k=0, 1
2
,1,···
+
∞∑
k=n+1
2
,n+3
2
,···

Bk
(
λ−m2)n/2−k
(4π)n/2 Γ (n/2− k + 1)
+
∞∑
k=n
2
+1,n
2
+2,···
Bk
1
(4π)n/2
δ(k−(n/2+1))
(
λ−m2) . (5.5)
The case of m = 0 recovers the result of Ref. [9], in which the renormalization procedure
is based on the analytical continuation of the gamma function.
5.3 The series solution: general cases
To construct the general expansion for local counting functions, we perform the transfor-
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mation (2.13) to the expansion of heat kernels, eq. (3.15) and, then, we achieve
N (λ;x, y)
=
1
(4π)n/2



 N∑
k=0, 1
2
,1,···
bk (x, y) +
∞∑
k=N+ 1
2
b′′k (x, y) +
∞∑
k=N+ 1
2
b′k (x, y)
[
ψ
(n
2
+ 1− k
)
− ln (λ−m2)]


×
( |x− y|
2
)k−n/2 (
λ−m2)n/4−k/2 Jn/2−k (√λ−m2 |x− y|)+

 N∑
k=n
2
+1,n
2
+2,···
bk (x, y)
+
∞∑
k=n
2
+1,n
2
+2,···
k>N
b′′k (x, y)


k−n
2
−1∑
p=0
(−1)p
22pp!
|x− y|2p δ(k−(n/2+1)−p) (λ−m2)+ ∞∑
k=N+ 1
2
b′k (x, y)
× Γ
(n
2
+ 1− k
) (
λ−m2)n/2−k (1F˜2)
a1
(
n
2
+ 1− k; n
2
+ 1− k, n
2
+ 1− k;−
(
λ−m2) (x− y)2
4
)}
,
(5.6)
where
(
1F˜2
)
a1
(a1; b1, b2; z) =
∂
∂a1 1
F˜2 (a1; b1, b2; z), 1F˜2 (a1; b1, b2; z) =
1F2(a1;b1,b2;z)
Γ(b1)Γ(b2)
, and
1F2 (a1; b1, b2; z) is the generalized hypergeometric function.
The expansion of the global counting function is the trace of N (λ;x, y)
N (λ) =
1
(4π)n/2



 N∑
k=0, 1
2
,1,···
Bk +
∞∑
k=N+ 1
2
B′′k


(
λ−m2)n/2−k
Γ (n/2 + 1− k)
+


N∑
k=n
2
+1,n
2
+2,···
Bk +
∞∑
k=n
2
+1,n
2
+2,···
k>N
B′′k

 δ(k−(n/2+1)) (λ−m2)
+
∞∑
k=N+ 1
2
B′k
(
λ−m2)n/2−k
Γ (n/2 + 1− k)
[
ψ
(n
2
+ 1− k
)
− ln (λ−m2)]

 . (5.7)
6. Scalar fields in H3 (Euclidean AdS3) and H3/Z (geometry of Euclidean
BTZ black hole): one-loop effective actions, vacuum energies, counting
functions, and spectra
In this section, we present the local and global regularized one-loop effective actions, vac-
uum energies, counting functions, and spectra of scalar fields in H3 and H3/Z. H3, the
three-dimensional hyperbolic space, or, the Euclidean Anti-de Sitter space AdS3, is a sub-
space of the four-dimensional space with metric ds2 = dX21 − dT 21 + dX22 + dT 22 satisfying
the constraint X21 − T 21 + X22 + T 22 = −l2 [42]. H3/Z is the geometry of the Euclidean
BTZ black hole [43], which is a quotient space of H3 [44]. A clear description of H3 and
H3/Z can be found in Ref. [44]. Moreover, a series depth studies on spectral functions of
hyperbolic spaces are given in Refs. [45, 46, 47, 48].
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6.1 The one-loop effective action in H3
For a scalar field in H3, Dx = −∇2 + m2 with ∇2 = ∂2r + 2coth r∂r, where r (x, y) =
arccosh [1 + u (x, y)] is the geodesic distance between x = (ξ, η) and y = (ξ′, η′) and
u (x, y) =
[
(ξ − ξ′)2 + |η − η′|2
]
/ (2ξξ′) [44]. The solution of eq. (2.20) gives the shifted
local regularized one-loop effective action:
W (s; q;x, y) = − µ˜
2s
2s+3/2π3/2
(
m2 + 1 + q
)3/4−s/2
r1/2−s (x, y) sinh r (x, y)
K3/2−s
(√
m2 + 1 + qr (x, y)
)
. (6.1)
The unshifted global regularized one-loop effective action can be achieved by taking
trace of W (s; 0;x, y). Dropping the divergent negative power term gives the global regu-
larized one-loop effective action,
Ws = TrW (s; 0;x, y)
= −V ol (H3) µ˜
2s
16π3/2
Γ
(
s− 3
2
)(
m2 + 1
)3/2−s
. (6.2)
Here s = 0 is not a singular point and the regularized one-loop effective action without the
regularization parameter s is just Ws|s=0:
W = −V ol (H3) 1
12π
(
m2 + 1
)3/2
. (6.3)
This agrees with the result given by Ref. [44].
6.2 The vacuum energy in H3
With Dx = −∇2 +m2 and ∇2 = ∂2r + 2coth r∂r [44], the solution of eq. (2.23) gives the
shifted local regularized vacuum energy in H3,
E0 (ǫ; q;x, y) =
µ˜2ǫ
21+ǫπ3/2
1
Γ (−1/2 + ǫ)
(
m2 + 1 + q
)1−ǫ/2
r (x, y)1−ǫ sinh r (x, y)
K2−ǫ
(√
m2 + 1 + qr (x, y)
)
.
(6.4)
The global regularized vacuum energy is the trace of E0 (ǫ; 0;x, y):
E0 (ǫ; 0) = TrE0 (ǫ; 0;x, y)
= V ol (H3)
µ˜2ǫ
16π3/2
Γ (−2 + ǫ)
Γ (−1/2 + ǫ)
(
m2 + 1
)2−ǫ
. (6.5)
Laurent expanding E0 (ǫ; 0),
E0 (ǫ) = −V ol
(
m2 + 1
)2
64π2
×
{
1
ǫ
+
(
ln
4µ˜2
m2 + 1
− 1
2
)
+ ǫ
[
1
2
(
ln
4µ˜2
m2 + 1
)2
− 1
2
ln
4µ˜2
m2 + 1
− 5
4
− π
2
6
]
+ǫ2
[
1
6
(
ln
4µ˜2
m2 + 1
)3
− 1
4
(
ln
4µ˜2
m2 + 1
)2
−
(
5
4
+
π2
6
)
ln
4µ˜2
m2 + 1
− 13
8
+
π2
12
+ 2ζ (3)
]
+ · · ·
}
,
(6.6)
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taking ǫ = 0, and dropping the divergent negative power term, we achieve a regularized
vacuum energy without the regularization parameter ǫ,
E0 = V ol (H3)
(
m2 + 1
)2
64π2
(
1
2
+ ln
m2 + 1
4µ˜2
)
. (6.7)
6.3 The counting function and the spectrum in H3
The solution of eq. (2.24) gives the local counting function in H3,
N (λ;x, y) =
sin
(√
λ− (m2 + 1)r (x, y)
)
− r (x, y)
√
λ− (m2 + 1) cos
(√
λ− (m2 + 1)r (x, y)
)
2π2r (x, y)2 sinh r (x, y)
.
(6.8)
Taking trace gives the global counting function,
N (λ) = V ol (H3)
[
λ− (m2 + 1)]3/2
6π2
. (6.9)
From a counting function, one can immediately achieve the eigenvalue spectrum of the
operator D [9]. By N (λn) = n, we can obtain the spectrum,
λn = m
2 + 1 +
[
6π2n
V ol (H3)
]2/3
. (6.10)
6.4 The one-loop effective action in H3/Z
H3/Z is a quotient of H3. The solution in the quotient space H3/Z can be represented as
a linear combination of the solutions in the space H3 once the equation is linear [44, 49].
Concretely, for one-loop effective actions, the solution of eq. (2.19) on V/Γ can be expressed
as a linear combination of the solutions of eq. (2.20) on V :
W V/Γ (s; q;x, y) =
∑
α∈Γ
W V (s; q;x, αy) . (6.11)
Then for H3 and its quotient H3/Z, we have
WH3/Z (s; q;x, y) =
∞∑
n=−∞
WH3 (s; q;x, γny) , (6.12)
where y = (ξ, η) and γy = γ (ξ, η) →
(
|λ|−1 ξ, λ−1η
)
with λ = ei2πτ and τ = (θ + iβ) /2π;
here β is the temperature and θ is the angular potential of a thermal Anti-de Sitter space
[44].
In the present case, the shifted local regularized one-loop effective action of a scalar
field in space H3/Z is
WH3/Z (s; q;x, y) = − µ˜
2s
23/2+sπ3/2
∞∑
n=−∞
(√
m2 + 1 + q
)3/2−s K3/2−s (√m2 + 1 + qr (x, γny))
r (x, γny)1/2−s sinh r (x, γny)
.
(6.13)
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The corresponding global regularized one-loop effective action can be achieved by tak-
ing trace of WH3/Z (s; 0;x, y):
Ws = TrW (s; 0;x, y) =
∫
H3/Z
d3x
√
gW (s; 0;x, x)
= −V ol (H3/Z) µ˜
2s
16π3/2
Γ
(
s− 3
2
)(√
m2 + 1
)3−s/2
− µ˜
2sβ1/2+s
21/2+s
√
π
(√
m2 + 1
)1/2−s ∞∑
n=1
K1/2−s
(√
m2 + 1nβ
)
n1/2−s [cosh (nβ)− cos (nθ)] , (6.14)
where we have used
∫
H3/Z
d3x
√
g =
∫∞
nβ dr
∫ eβ
1 dρ
∫ 2π
0 dφ
1
ρ
sinh r
2[cosh(nβ)−cos(nθ)] . This agrees
with the result given by Ref. [44].
Here s = 0 is not a singular point, so the one-loop effective action can be directly
obtained by substituting s = 0 into eq. (6.14):
W = −V ol (H3/Z) 1
12π
(
m2 + 1
)3/2 −
√
β
2π
(
m2 + 1
)1/4 ∞∑
n=1
K1/2
(√
m2 + 1nβ
)
√
n [cosh (nβ)− cos (nθ)] .
(6.15)
6.5 The vacuum energy in H3/Z
Based on the result of the vacuum energy in H3, using the treatment that we have used in
obtaining the one-loop effective action in H3/Z, we can achieve the local vacuum energy
in H3/Z,
E0 (ǫ; q;x, y) =
µ˜2ǫ
2ǫπ3/2Γ (−1/2 + ǫ)
(
m2 + 1 + q
)1−ǫ/2 ∞∑
n=−∞
K2−ǫ
(√
m2 + 1 + qr (x, γny)
)
r (x, γny)1−ǫ sinh r (x, γny)
.
(6.16)
Taking trace of E0 (ǫ; 0;x, y) gives the global vacuum energy,
E0 (ǫ) = TrE0 (ǫ; 0;x, y) =
∫
H3/Z
d3x
√
gE0 (ǫ; 0;x, x)
= V ol (H3/Z)
µ˜2ǫ
16π3/2
Γ (−2 + ǫ)
Γ (−1/2 + ǫ)
(
m2 + 1
)2−ǫ
+
∞∑
n=1
µ˜2ǫβǫ
2ǫπ1/2Γ (−1/2 + ǫ)
(√
m2 + 1
)1−ǫ K1−ǫ (nβ√m2 + 1)
n1−ǫ [cosh (nβ)− cos (nθ)] . (6.17)
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Laurent expanding E0 (ǫ),
E0 (ǫ)
= −1
ǫ
V ol
(
m2 + 1
)2
64π2
−
{
V ol
(
m2 + 1
)2
64π2
(
ln
4µ˜2
m2 + 1
− 1
2
)
+
∞∑
n=1
√
m2 + 1
4nπ |sin (nπτ)|2K1
(
2nπτ2
√
m2 + 1
)}
− ǫ
{
V ol
(
m2 + 1
)2
64π2
[
1
2
(
ln
4µ˜2
m2 + 1
)2
− 1
2
ln
4µ˜2
m2 + 1
− 5
4
− π
2
6
]
+
∞∑
n=1
√
m2 + 1
4nπ |sin (nπτ)|2
[(
ln
4nπτ2µ˜
2
√
m2 + 1
+ γE − 2
)
K1
(
2nπτ2
√
m2 + 1
)
−K(1)1
(
2nπτ2
√
m2 + 1
)]}
− ǫ2
{
V ol
(
m2 + 1
)2
64π2
[
1
6
(
ln
4µ˜2
m2 + 1
)3
− 1
4
(
ln
4µ˜2
m2 + 1
)2
−
(
5
4
+
π2
6
)
ln
4µ˜2
m2 + 1
− 13
8
+
π2
12
+ 2ζ (3)
]
+
1
4
∞∑
n=1
√
m2 + 1
4nπ |sin (nπτ)|2

2K(2)1
(
2nπτ2
√
m2 + 1
)
−
2
(
ln 4nπτ2µ˜
2√
m2+1
+ γE − 2
)
nπτ2
√
m2 + 1
K0
(
2nπτ2
√
m2 + 1
)
+
[
2 ln
4nπτ2µ˜
2
√
m2 + 1
(
ln
4nπτ2µ˜
2
√
m2 + 1
+ 2γE − 4
)
+ 2γE (γE − 4)− π2
]
K1
(
2nπτ2
√
m2 + 1
)}}
+ · · · ,
(6.18)
taking ǫ = 0, and dropping the divergent negative power term gives a regularized vacuum
energy without the regularization parameter ǫ,
E0 = V ol (H3/Z)
(
m2 + 1
)2
64π2
(
1
2
+ ln
m2 + 1
4µ˜2
)
−
∞∑
n=1
√
m2 + 1
K1
(
nβ
√
m2 + 1
)
2πn [cosh (nβ)− cos (nθ)] .
(6.19)
6.6 The counting function and the spectrum in H3/Z
From the local counting function in H3, eq. (6.8), we can obtain the local counting function
in H3/Z,
N (λ;x, y)
=
∞∑
n=−∞
sin
(√
λ− (m2 + 1)r (x, γny)
)
−
√
λ− (m2 + 1)r (x, γny) cos
(√
λ− (m2 + 1)r (x, γny)
)
2π2r2 (x, γny) sinh r (x, γny)
.
(6.20)
Taking trace gives the global counting function,
N (λ) = V ol (H3/Z)
[
λ− (m2 + 1)]3/2
6π2
+
∞∑
n=1
sin
(√
λ− (m2 + 1)nβ
)
πn [cosh (nβ)− cos (nθ)] . (6.21)
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The sum in eq. (6.21) is difficult to be solved, so we turn to consider an approximate
result. When β is very large, only the first term, corresponding to n = 1 is important.
Then we approximately achieve
N (λ) ≈ V ol (H3/Z)
[
λ− (m2 + 1)]3/2
6π2
+
1
π
sin
(√
λ− (m2 + 1)β
)
cosh β − cos θ . (6.22)
The spectrum is determined by N (λn) = n; approximately solving this equation gives
λn ≈ m2 + 1 +
[
6π2n
V ol (H3/Z)
]2/3(
1− 2 sinα
3nπ cosh β − 3nπ cos θ + α cosα
)
, (6.23)
where α =
[
6π2n/V ol (H3/Z)
]1/3
β.
7. Massless scalar fields in S1: one-loop effective actions, vacuum energies,
counting functions, and spectra
In this section, we consider the local and global one-loop effective actions, vacuum energies,
counting functions, and spectra of a massless scalar field in S1 = R1/Z, the quotient of R1.
7.1 The one-loop effective action
As discussed above, the shifted local regularized one-loop effective action, the solution
of eq. (2.20), in the quotient space R1/Z is the linear combination of the solutions in
space R1. The solution in space R1 can be solved from eq. (2.20): WR
1
(s; q;x, y) =
− 1
2s
√
2π
µ˜2s
(√
q/ |x− y|)1/2−sK1/2−s (√q |x− y|). Then the shifted local regularized one-
loop effective action reads:
W (s; q;x, y) =
∑
Z
WR
1
(s; q;x, y)
= − q
1/2−sµ˜2s
2s+1/2
√
π
∞∑
n=−∞
K1/2−s
(√
q |y + nL− x|)(√
q |y + nL− x|)1/2−s , (7.1)
where L is the perimeter of S1.
The shifted global regularized one-loop effective action can be directly achieved by
taking trace. After dropping the divergent power term, we have
W (s; q) = TrW (s; q;x, y)
= −Lq
1/2−sµ˜2s
4
√
π
[
Γ
(
s− 1
2
)
+ 25/2−s
∞∑
n=1
K1/2−s
(
n
√
qL
)
(
n
√
qL
)1/2−s
]
. (7.2)
The unshifted regularized one-loop effective action is
Ws = lim
q→0
W (s; q) = −
(
µ˜L
2
)2s 1√
π
Γ
(
1
2
− s
)
ζ (1− 2s) . (7.3)
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The regularized one-loop effective action can be obtained by Laurent expandingWs around
s = 0,
Ws =
1
2s
− 1
2
γE + lnLµ˜
+
1
2
√
π
∞∑
p=2

 p∑
β=0
(−1)p−β Γ(p−β) (1/2)
β! (p− β)!
(
ln
L2µ˜2
4
)β sp−1
− 1√
π
∞∑
p=1

 p∑
β=0
p−β∑
ρ=0
(−1)ρ 2p−β−ρΓ(ρ) (1/2) γp−β−ρ
β!ρ! (p− β − ρ)!
(
ln
L2µ˜2
4
)β sp. (7.4)
Taking s = 0 and dropping the divergent negative power term gives the regularized result
without the regularization parameter ǫ,
W = −1
2
γE + ln (µ˜L) . (7.5)
Moreover, if we approximately replace the sum
∑∞
n=1by the integral
∫ ∞
1
dn, the shifted
local and global regularized one-loop effective actions can be calculated analytically, respec-
tively,
W (s; q;x, y)
≃ − 1
2L
µ˜2s
qs
Γ (s) +
1
4
√
πL
µ˜2s
qs
{
2Γ
(
s− 1
2
)[√
q
y − x
2
1F2
(
1
2
;
3
2
,
3
2
− s; q (y − x)
2
4
)
+
√
q
L− (y − x)
2
1F2
(
1
2
;
3
2
,
3
2
− s; q [L− (y − x)]
2
4
)]
+
1
s
Γ
(
1
2
− s
){(√
q
y − x
2
)2s
× 1F2
(
s; s+
1
2
, s+ 1;
q (y − x)2
4
)
+
[√
q
L− (y − x)
2
]2s
1F2
(
s; s+
1
2
, s+ 1; q
[L− (y − x)]2
4
)}}
(7.6)
and
W (s; q) ≃ −Lµ˜
2sq1/2−s
4
√
π
Γ
(
s− 1
2
)
− µ˜
2s
2qs
Γ (s) +
µ˜2s√
πqs
[√
qL
2
Γ
(
s− 1
2
)
1F2
(
1
2
;
3
2
,
3
2
− s;
(√
qL
2
)2)
+
(√
qL
2
)2s 1
2s
Γ
(
1
2
− s
)
1F2
(
s; s+
1
2
, s+ 1;
(√
qL
2
)2)]
, (7.7)
where we assume that y ≥ x,
7.2 The vacuum energy
The shifted local regularized vacuum energy of a massless scalar field in R1 can be solved
from eq. (2.23), ER
1
0 (ǫ; q;x, y) =
µ˜2ǫ
Γ(−1/2+ǫ)
q1−ǫ
2ǫ
√
π
K1−ǫ
(√
q |y − x|) / (√q |y − x|)1−ǫ. Then,
the shifted local regularized vacuum energy in S1 is
E0 (ǫ; q;x, y) =
µ˜2ǫq1−ǫ
2ǫ
√
πΓ (−1/2 + ǫ)
∞∑
n=−∞
K1−ǫ
(√
q |y + nL− x|)(√
q |y + nL− x|)1−ǫ , (7.8)
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since S1 is the quotient space of R1.
The shifted global regularized vacuum energy can be obtained by taking trace:
E0 (ǫ; q) = TrE0 (ǫ; q;x, y)
= L
µ˜2ǫ
Γ (−1/2 + ǫ)
q1−ǫ
2ǫ
√
π
[
Γ (−1 + ǫ)
22−ǫ
+ 2
∞∑
n=1
K1−ǫ
(√
qnL
)
(√
qnL
)1−ǫ
]
. (7.9)
Laurent expanding E0 (ǫ; q) with respect to ǫ gives
E0 (ǫ; q) =
1
ǫ
qL
8π
+
qL
8π
(
ln
4µ˜2
q
− 1
)
−
∞∑
n=1
√
qK1
(√
qnL
)
nπ
+ ǫ
{
qL
48π
[
3
(
ln
4µ˜2
q
)2
− 6 ln 4µ˜
2
q
− 6− π2
]
+
∞∑
n=1
1
πLn2
[
K0 (
√
qnL)−√qnLK1 (√qnL)
(
ln
2nLµ˜2√
q
+ γE − 2
)]}
+ · · · .
(7.10)
Taking ǫ = 0 and dropping the divergent negative power term gives the regularized shifted
global vacuum energy without the regularization parameter ǫ,
E0 (0; q) = −qL
8π
(
1 + ln
q
4µ˜2
)
− qL
π
∞∑
n=1
K1
(√
qnL
)
√
qnL
. (7.11)
The unshifted vacuum energy is then given by taking the limit q → 0,
E0 = −
∞∑
n=1
1
πLn2
= − π
6L
. (7.12)
By the way, by approximately replacing the sum
∑∞
n=1 with the integral
∫ ∞
1
dn, we
can achieve an analytical expression of the shifted local regularized vacuum energy,
E (ǫ; q;x, y)
≃ µ˜
2ǫq1/2−ǫ
2L
+
µ˜2ǫ
Γ (−1/2 + ǫ)
q1/2−ǫ
2ǫ
√
πL
{
Γ (1− ǫ)
(1− 2ǫ) 21−ǫ
×


1F2
(
ǫ− 1/2; ǫ, ǫ + 1/2; q (y − x)2 /4
)
[√
q (y − x) /2]1−2ǫ +
1F2
(
ǫ− 1/2; ǫ, ǫ + 1/2; q [L− (y − x)]2 /4
)
[√
q (L− (y − x)) /2]1−2ǫ


− Γ (ǫ− 1)
21−ǫ
{√
q (y − x)
2
1F2
(
1
2
;
3
2
, 2− ǫ; q (y − x)
2
4
)
+
√
q [L− (y − x)]
2
1F2
(
1
2
;
3
2
, 2− ǫ; q [L− (y − x)]
2
4
)}}
. (7.13)
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The corresponding regularized vacuum energy is
E0 (0; q) ≃ −qL
8π
[(
1 + ln
q
4µ˜2
)]
−
√
q
4π
G3,01,3
(
qL2
4
∣∣∣∣ 11
2 , 0,−12
)
, (7.14)
where Gm,np,q
(
z
∣∣∣∣∣ a1, · · · an, an+1, · · · , apb1, · · · bm, bm+1, · · · , bq
)
is Meijer’s G-function. Then, q → 0 gives
E0 ≃ − 1
πL
. (7.15)
7.3 The counting function and the spectrum
The local counting function of a massless scalar field in R1 can be solved from eq. (2.25),
N (λ;x, y) = 1π sin
(√
λ |y − x|
)
/ |y − x|. Then, the local counting function in S1, a quo-
tient space of R1, reads
N (λ;x, y) =
1
π
∞∑
n=−∞
sin
(√
λ |y + nL− x|
)
|y + nL− x| . (7.16)
The global counting function N (λ) is the trace of N (λ;x, y),
N (λ) = trN (λ;x, y) = 2k + 1,
(
2kπ
L
)2
< λ <
[
2 (k + 1) π
L
]2
, k = 0, 1, 2, · · · . (7.17)
From the counting function, we can achieve the eigenvalue spectrum of the operator
D:
λ0 = 0,
λ2k+1 = λ2k+2 =
[
2 (k + 1) π
L
]2
, k = 0, 1, 2, · · · . (7.18)
8. The Higgs model in a (1+1)-dimensional finite interval with the Dirich-
let boundary condition: one-loop effective actions, vacuum energies,
counting functions, and spectra
In the (1 + 1)-dimensional Higgs model [50], we concern ourselves with the fluctuation
δH (xµ) which is a linearized shift of a scalar field from the homogeneous stable solution.
Here, the shift of a scalar field is defined as H (xµ) = φ (xµ)−1 and the action of the scalar
field φ (xµ) is S = m
2
λ
∫
dx2
[
1
2 (∂φ)
2 − 12
(
φ2 (x0, x)− 1
)2]
. In this model, we consider the
second-order fluctuation operator Dx = − d2dx2 + 4 in a finite interval I = [0, l], l = mL/
√
2
with the Dirichlet boundary condition.
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8.1 The one-loop effective action
The shifted local regularized one-loop effective action reads
W (s; q;x, y) = −µ˜2sΓ (s) 1
4l
∞∑
n=−∞
eiπn(x−y)/l − eiπn(x+y)/l
(n2π2/l2 + 4 + q)s
. (8.1)
The sum in eq. (8.1) can be exactly converted into an integral:
W (s; q;x, y) = − µ˜
2s
23/2+s
√
π
∫ ∞
0
dt
(
π
l
√
4 + q
t
)1/2−s
J−1/2+s
(
l
π
√
4 + qt
)
×
(
cos x−yt − cos x+yt
)
sinh t(
cosh t− cos x−yt
) (
cosh t− cos x+yt
) . (8.2)
The global regularized one-loop effective action is the trace of W (s; 0;x, y):
Ws = TrW (s; 0;x, y) =
∫ l
0
dxW (s; 0;x, x)
= −1
2
µ˜2sΓ (s)
(
l
π
)2s
Z
(
s;
2l
π
)
, (8.3)
where Z (s; a) is the Epstein-Hurwitz zeta function [16].
The regularized one-loop effective action without the regularization parameter s can
be achieved by Laurent expanding Ws around s = 0,
Ws =
1
4s
− 1
4
γE + l − 1
2
ln
2
µ˜ (1− e−4l)
+
1
4
∞∑
p=2


p∑
β=0
β∑
α=0
(−1)α+β2 −1 (2β−α − 2)Bβ−απβ−α
α! (β − α)! (p− β)!

 ∂α 1Γ(ξ)
∂ξα
∣∣∣∣∣
ξ=1

(ln µ˜2
4
)p−β
 sp−1
− l
2
√
π
∞∑
p=1
[
p∑
α=0
1
α! (p− α)!
(
ln
µ˜2
4
)p−α
Γ(α)
(
−1
2
)]
sp
−
√
2l
π
∞∑
n=1
1√
n
∞∑
p=1
[
p∑
α=0
1
α! (p− α)!
(
ln
nlµ˜2
2
)p−α
K
(α)
−1/2 (4nl)
]
sp. (8.4)
Then taking s = 0 and dropping the divergent negative power term gives
W = −1
4
γE + l +
1
2
ln
(
1− e−4l) µ˜
2
. (8.5)
Moreover, besides the exact expression (8.2), we can also find an approximate solution
but somewhat simple expression for W (s; q;x, y) and Ws. Replacing approximately the
sum
∑∞
n=−∞ by the integral
∫∞
−∞ dn gives
W (s; q;x, y) ≃ − µ˜
2s
2s
√
2π
[(√
4 + q
|x− y|
)1/2−s
K1/2−s
(√
4 + q |x− y|
)
−
(√
4 + q
|x+ y|
)1/2−s
K1/2−s
(√
4 + q |x+ y|
)]
(8.6)
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and
Ws ≃ µ˜
2s
2
Γ (s) l2s
(1− 2s) π2s 2F1
(
−1
2
+ s, s;
1
2
+ s;−4l
2
π2
)
. (8.7)
Laurent expanding Ws around s = 0, taking s = 0 and dropping the divergent part gives
W ≃ 1− γE
2
+
2l
π
tan−1
(
2l
π
)
− ln
√
π2/l2 + 4
µ˜
. (8.8)
8.2 The vacuum energy
By a similar treatment, through solving eq. (2.23) with Dx = − d2dx2 +4, we can obtain the
shifted local regularized vacuum energy:
E0 (ǫ; q;x, y) =
µ˜2ǫ
4l
∞∑
n=−∞
[
eiπn(x−y)/l − eiπn(x+y)/l
](n2π2
l2
+ 4 + q
)1/2−ǫ
. (8.9)
In addition, the sum in eq. (8.9) can be exactly converted into an integral:
E0 (ǫ; q;x, y) =
µ˜2ǫ
Γ (−1/2 + ǫ)
1
21+ǫ
√
π
×
∫ ∞
0
dt
(
π
l
√
4 + q
t
)1−ǫ
J−1+ǫ
(
l
π
√
4 + qt
) (
cos x−yt − cos x+yt
)
sinh t(
cosh t− cos x−yt
) (
cosh t− cos x+yt
) .
(8.10)
The global regularized vacuum energy is the trace of E0 (ǫ; 0;x, y):
E0 (ǫ) =
µ˜2ǫ
2
(π
l
)1−2ǫ
Z
(
ǫ− 1
2
,
2l
π
)
. (8.11)
To remove the divergence, we Laurent expand E0 (ǫ),
E0 (ǫ) =
l
2πε
− l
2π
(
π
l
+ ln
1
µ˜2
+ 1
)
−
∞∑
n=1
1
nπ
K1 (4nl)
+ ǫ
{
1
2
ln
4
µ˜2
+
l
2π
[
1
2
(
ln
1
µ˜2
)2
+ ln
1
µ˜2
− π
2
6
− 1
]
+
∞∑
n=1
[
1
4n2πl
K0 (4nl) +
1
nπ
K1 (4nl)
(
ln
1
2nlµ˜2
− γE + 2
)]}
+ · · · . (8.12)
Taking ǫ = 0 and dropping the divergent negative power term, we arrive at the regularized
vacuum energy without the regularization parameter ǫ:
E0 = − l
2π
(
1 +
π
l
+ ln
1
µ˜2
)
−
∞∑
n=1
1
nπ
K1 (4nl) . (8.13)
Besides, we can also approximately work out the summation in eq. (8.9) by replacing
the sum
∑∞
n=−∞ with an integral
∫∞
−∞ dn. This gives a somewhat simple expression for
E0 (q;x, y)
E0 (ǫ; q;x, y) ≃ µ˜
2ǫ (4 + q)1/2−ǫ/2
2ǫ
√
πΓ (ǫ− 1/2)
[
K1−ǫ
(√
4 + q |x− y|)
|x− y|1−ǫ −
K1−ǫ
(√
4 + q |x+ y|)
|x+ y|1−ǫ
]
,
(8.14)
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which is an asymptotic expression for eq. (8.10) for large l. The global regularized vacuum
energy then reads
E0 (ǫ) ≃ µ˜2ǫ
[
l
4ǫ
√
π
Γ (−1 + ǫ)
Γ (−1/2 + ǫ) −
1
41/2+ǫ
]
. (8.15)
An approximate expression of the regularized vacuum energy without the regularization
parameter ǫ reads
E0 ≃ − l
2π
[(
1 +
π
l
+ ln
1
µ˜2
)]
− 1
4π
G3,01,3
(
4l2
∣∣∣∣∣ 11
2 , 0,−12
)
. (8.16)
8.3 The counting function and the spectrum
The solution of eq. (2.24) gives the local counting function,
N (λ;x, y) =
1
l
[
eiπn(x−y)/l − eiπn(x+y)/l
] ∞∑
n=1
θ
(
λ−
(
n2π2
l2
+ 4
))
. (8.17)
Taking trace gives the global counting function,
N (λ) = TrN (λ;x, y) =
∫ l
0
dx
1
l
(
1− ei2πnx/l
) ∞∑
n=1
θ
(
λ−
(
n2π2
l2
+ 4
))
=
∞∑
n=1
θ
(
λ−
(
n2π2
l2
+ 4
))
. (8.18)
From the counting function, one can achieve the eigenvalue spectrum:
λn =
n2π2
l2
+ 4, n = 1, 2, · · · . (8.19)
9. Conclusions
In this paper, we suggest an approach for calculating one-loop effective actions, vacuum
energies, and spectral counting functions: constructing the equations for them so that they
can be obtained by solving equations.
We solve some exact solutions for one-loop effective actions, vacuum energies, and
spectral counting functions, including a free massive scalar field in Rn, scalar fields in
three-dimensional hyperbolic space H3 and H3/Z, a scalar field in S
1, and the Higgs model
in a (1 + 1)-dimensional finite interval.
We construct the series expansion for local one-loop effective actions, vacuum energies,
and spectral counting functions. The result can be used to find approximate solutions. In
order to remove the divergence, renormalization procedures are used.
In our treatment, the physical quantities such as one-loop effective actions, vacuum
energies, and spectral counting functions play the roles as spectral functions in spectral
problems. This suggests us that the physical quantities like the one-loop effective actions
and vacuum energies also can be used as tools in spectral problems.
– 33 –
Acknowledgments
We are very indebted to Dr. G. Zeitrauman for his encouragement. This work is supported
in part by NSF of China under Grant No. 10605013.
References
[1] I.G. Avramidi, Heat kernel and quantum gravity, Springer-Verlag, Berlin, (2000).
[2] B.R. Greene, J. Levin, Dark energy and stabilization of extra dimensions, JHEP 11 (2007)
096 [arXiv:0707.1062].
[3] L. Perivolaropoulos, Vacuum energy, the cosmological constant and compact extra
dimensions: constraints from Casimir effect experiments, Phys. Rev. D 77 (2008) 107301
[arXiv:0802.1531].
[4] P. Burikhama, A. Chatrabhutia, P. Patcharamaneepakorna and K. Pimsamarn, Dark energy
and moduli stabilization of extra dimensions in M1+3 × T 2 spacetime, JHEP 07 (2008) 013
[arXiv:0802.3564].
[5] M. Kac, Can one hear the shape of a drum? Am. Math. Monthly 73 (1966) 1.
[6] D. Iellici and V. Moretti, ζ-function regularization and one-loop renormalization of field
fluctuations in curved space-time, Phys. Lett. B 425 (1998) 33 [gr-qc/9705077].
[7] V. Moretti, Local ζ-function techniques vs. point-splitting procedure: a few rigorous results,
Commun. Math. Phys. 201 (1999) 327 [gr-qc/9805091].
[8] S.A. Fulling, Mass dependence of vacuum energy, Phys. Lett. B 624 (2005) 281
[math-ph/0507010].
[9] W.-S. Dai and M. Xie, The number of eigenstates: counting function and heat kernel, JHEP
02 (2009) 033 [arXiv:0902.2484].
[10] D.V. Vassilevich, Heat kernel, effective action and anomalies in noncommutative theories,
JHEP 08 (2005) 085 [hep-th/0507123].
[11] I.G. Avramidi, Heat kernel approach in quantum field theory, Nucl. Phys. B (Proc. Suppl.)
104 (2002) 3 [math-ph/0107018].
[12] I.L. Shapiro, Effective action of vacuum: the semiclassical approach, Class. Quantum Grav.
25 (2008) 103001 [arXiv:0801.0216].
[13] A.O. Barvinsky and D.V. Nesterov, Quantum effective action in spacetimes with branes and
boundaries, Phys. Rev. D 73 (2006) 066012 [hep-th/0512291].
[14] A.O. Barvinsky, A.Yu. Kamenshchik, C. Kiefer and D.V. Nesterov, Effective action and heat
kernel in a toy model of brane-induced gravity, Phys. Rev. D 75 (2007) 044010
[hep-th/0611326].
[15] K. Kirsten, Spectral functions in mathematics and physics, Chapman & Hall/CRC, Baton
Rouge (2001).
[16] E. Elizalde and A. Romeo, Expressions for the zeta-function regularized Casimir energy, J.
Math. Phys. 30 (1989) 1133 [Erratum ibid. 31 (1990) 771].
[17] E. Elizalde, Multiple zeta functions with arbitrary exponents, J. Phys. A 22 (1989) 931.
– 34 –
[18] M. Bordag, E. Elizalde and K. Kirsten, Heat-kernel coefficients of the Laplace operator on the
D-dimensional ball, J. Math. Phys. 37 (1996) 895 [hep-th/9503023].
[19] M. Bordag, E. Elizalde, K. Kirsten and S. Leseduarte, Casimir energies for massive scalar
fields in a spherical geometry, Phys. Rev. D 56 (1997) 4896 [hep-th/9608071].
[20] E. Elizalde, M. Bordag and K. Kirsten, Casimir energy for a massive fermionic quantum field
with a spherical boundary, J. Phys. A 31 (1998) 1743 [hep-th/9707083].
[21] M. Bordag and N. Khusnutdinov, Vacuum energy of a spherical plasma shell, Phys. Rev. D
77 (2008) 085026 [arXiv:0801.2062].
[22] V.N. Marachevsky, Casimir interaction of two plates inside a cylinder, Phys. Rev. D 75
(2007) 085019 [hep-th/0703158].
[23] E. Elizalde, M. Minamitsuji and W. Naylor, Casimir effect in rugby-ball type flux
compactifications, Phys. Rev. D 75 (2007) 064032 [hep-th/0702098].
[24] M. Minamitsuji, M. Sasaki and W. Naylor, Volume stabilization in a warped flux
compactification model, JHEP 12 (2006) 079 [hep-th/0606238].
[25] J.S Dowker and K. Kirsten, The a3/2 heat kernel coefficient for oblique boundary conditions,
Class. Quantum Grav. 16 (1999) 1917 [hep-th/9806168].
[26] V.V. Nesterenko, I.G. Pirozhenko and J. Dittrich, Non-smoothness of the boundary and the
relevant heat kernel coefficients, Class. Quantum Grav. 20 (2003) 431 [hep-th/0207038].
[27] I.G. Pirozhenko and V.V. Nesterenko, Integral equations for heat kernel in compound media,
J. Math. Phys. 46 (2005) 042305 [hep-th/0409289].
[28] L.L. Salcedo, Derivative expansion of the heat kernel in curved space, Phys. Rev. D 76 (2007)
044009 [arXiv:0706.1875].
[29] V.N. Marachevsky and D.V. Vassilevich, Chiral anomaly for local boundary conditions, Nucl.
Phys. B 677 (2004) 535 [hep-th/0309019].
[30] R. Fresneda, D.M. Gitman and D.V. Vassilevich, Nilpotent noncommutativity and
renormalization, Phys. Rev. D 78 (2008) 025004 [arXiv:0804.1566].
[31] V. Gayral, B. Iochum and D.V. Vassilevich, Heat kernel and number theory on NC-torus,
Commun. Math. Phys. 273 (2007) 415 [hep-th/0607078].
[32] F. Bastianelli, O. Corradini, P.A.G. Pisani and C. Schubert, Scalar heat kernel with boundary
in the worldline formalism, JHEP 10 (2008) 095 [arXiv:0809.0652].
[33] M. Berger, A panoramic view of Riemannian geometry, Springer-Verlag, Berlin (2003).
[34] R. Aurich, S. Lustig, F. Steiner and H. Then, Indications about the shape of the Universe
from the Wilkinson Microwave Anisotropy Probe data, Phys. Rev. Lett. 94 (2005) 021301
[astro-ph/0412407].
[35] N. Søndergaard, T. Guhr, M. Oxborrow, K. Schaadt and C. Ellegaard, Counting function for
a sphere of anisotropic quartz, Phys. Rev. E 70 (2004) 036206 [nlin/0504016].
[36] K. Kirsten and D.J. Toms, Bose-Einstein condensation in arbitrarily shaped cavities, Phys.
Rev. E 59 (1999) 158 [cond-mat/9810098].
[37] K. Kirsten and D.J. Toms, Density of states for Bose-Einstein condensation in harmonic
oscillator potentials, Phys. Lett. A 222 (1996) 148 [cond-mat/9608032].
– 35 –
[38] J.M. Appell, A.S. Kalitvin and P.P. Zabrejko, Partial integral operators and
integro-differential equations, Marcel Dekker, New York (2000).
[39] G. Grubb and R. Seeley, Asymptotic expansions for the Atiyah-Patodi-Singer operator, C.R.
Acad. Sci., Paris, Ser. I 317 (1993) 1123.
[40] G. Grubb, Trace formulas for parameter-dependent pseudodifferential operators, Nucl. Phys.
B (Proc. Suppl.) 104 (2002) 71.
[41] D.V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rep. 388 (2003) 279
[hep-th/0306138].
[42] R. B. Mann and Sergey N. Solodukhin, Quantum scalar field on a three-dimensional (BTZ)
black hole instanton: Heat kernel, effective action, and thermodynamics, Phys. Rev. D 55
(1997) 3622 [hep-th/9609085].
[43] S. Carlip, Conformal field theory, (2 + 1)-dimensional gravity and the BTZ black hole, Class.
Quantum Grav. 22 (2005) R85 [gr-qc/0503022].
[44] S. Giombi, A. Maloney, and Xi Yin, One-loop partition functions of 3D gravity, JHEP 08
(2008) 007 [arXiv:0804.1773].
[45] R. Camporesi and A. Highchi, Spectral functions and zeta functions in hyperbolic spaces, J.
Math. Phys. 35 (1994) 4217.
[46] R. Camporesi and A. Highchi, On the eigenfunctions of the Dirac operator on spheres and
real hyperbolic spaces, J. Geom. Phys. 20 (1996) l [gr-qc/9505009].
[47] R. Camporesi and A. Highchi, Stress-energy tensors in anti-de Sitter spacetime, Phys. Rev.
D 45 (1992) 3591.
[48] R. Camporesi and A. Highchi, Arbitrary-spin effective potentials in anti-de Sitter spacetime,
Phys. Rev. D 47 (1993) 3339.
[49] L. S. Schulman, Techniques and applications of path integration, John Wiley & Sons New
York (1981).
[50] J.M. Guilarte, J.M.M. Castan˜eda, M.J. Senosiain, Quantum scalar fields in the half-line. A
heat kernel/zeta function approach, Mathematical Physics and Field Theory, Julio Abad, in
memoriam. PUZ June 2009, 277 [arXiv:0907.2885].
– 36 –
